Estimating reserves in unconventional gas reservoirs is problematic due to the longer transient flow periods exhibited throughout the production history. The common industry practice is to use the Arps empirical rate-decline relations (i.e., the exponential and hyperbolic decline relations), but these equations are only strictly applicable during boundary-dominated flow. Application of the Arps relations to transient flow often results in significant overestimation of reserves. Under these circumstances, there is an obvious need for a theoretically based rate-decline equation(s) that is applicable for all flow regimes.
Introduction
Unconventional reservoir systems such as tight gas sands, shale gas, tight/shale oil, and coalbed methane reservoirs have currently become a significant source of hydrocarbon production and offer remarkable potential for reserves growth and future production. Unconventional reservoir systems can be described as hydrocarbon accumulations which are difficult to be characterized and produced by conventional exploration and production technologies. Complex geological and petrophysical systems describe unconventional reservoirs in addition to heterogeneities at all scales similar to conventional reservoir systems. Because of the low to ultra-low permeability of these reservoir systems, well stimulation operations (e.g., single or multi-stage hydraulic fracturing, etc.) are required to establish production from the formations at commercial rates.
The use of only production data (i.e., rate-time data) to estimate the reserves has been an industry practice since the introduction of the Manual for the Oil and Gas Industry under the Revenue Act of 1918 by the United States Internal Revenue Service (1919) . Lewis and Beal (1918) provides initial guidance on the extrapolation of future production of oil wells. Cutler (1924) presents a detailed review of the oil reserves estimation procedures in 1920's. Johnson and Bollens (1927) introduce the loss ratio and the loss ratio derivative definitions which lay the basis for the exponential and the hyperbolic rate decline relations. Arps (1945) presents the derivation of empirical exponential and hyperbolic rate decline relations, which are still the widely used relations for production extrapolations of oil and gas wells, and can be assumed as valid for a variety of producing conditions for practical purposes. We note that the exponential and hyperbolic relations are only applicable for the boundary-dominated flow regime and the improper use of Arps' equations can yield inconsistent results and erroneous reserve estimates.
Gas-in-place/reserves estimation in unconventional (low/ultra-low permeability) reservoirs has recently become a topic of increased interest as advanced technology permits the production and development of these resources domestically and internationally. Production data from unconventional reservoirs exhibit extensive periods of transient flow behavior due to the low/ultra-low permeability characteristics of these systems which often lead to the over-estimation of gas-in-place/reserves with the use of conventional rate-time relations (i.e., exponential and hyperbolic rate-time relations). The common industry practice for reserves estimation in unconventional reservoirs is to use the hyperbolic relation, but as mentioned before the hyperbolic relation is strictly applicable during boundary-dominated flow. Application of the hyperbolic relation to transient flow often results in significant overestimation of reserves. For reference the hyperbolic rate decline and cumulative production relations are given as: According to Arps' definition, the value of the b-parameter is constant and should lie between 0 and 1. If the b-parameter value is higher than 1, the extrapolation of Eq. 2 to infinity yields infinite reserves. When hyperbolic rate decline relation is applied to rate-time data in unconventional reservoirs, we usually observe b-parameter values higher than 1 which might lead to overestimation of reserves. To prevent overestimation of reserves, production forecast with hyperbolic rate decline relation can be switched to exponential rate decline relation at a specified time (based on the knowledge of a constant percentage decline value). This procedure (or the so called "modified hyperbolic relation") is a practical way to constrain reserve estimates. However, ratetime data characteristics indicate that the nature of rate-time data is in fact not hyperbolic when the hyperbolic rate decline model parameters are computed continuously using data. In particular, the computed b-parameter data trend indicates that the value of bparameter would not be constant throughout the producing life of the well.
The issues related to the use of "conventional" rate decline relations to estimate reserves in "unconventional" reservoirs, have led us to focus on the character of the rate-time data. Our primary objective is to understand the characteristic behavior of rate-time data in unconventional reservoirs, and to develop appropriate rate decline relation(s) based on the characteristic behavior. For these purposes, we recall the original definitions of the "loss-ratio" and the "loss-ratio derivative", which were previously introduced by Johnson and Bollens (1927) . These definitions are given as: As a side note we must note that if the loss-ratio is constant, then the "exponential rate decline relation" is obtained by solving the associated ordinary differential equation (i.e., Eq. 3). It is also worth to mention that the exponential rate decline relation can be derived theoretically for the case of a slightly compressible fluid above the bubble point pressure during boundary-dominated flow regime. On the other hand, hyperbolic rate decline relation is obtained if the derivative of the loss-ratio is assumed to be constant by solving Eq. 4. While there is no rigorous theoretical derivation of the hyperbolic relation exists in the literature, Camacho and Raghavan (1989) attempt to provide a theoretical basis for boundary-dominated flow in solution gas-drive reservoirs, and accordingly Camacho and Raghavan derive well performance relations similar to the hyperbolic rate decline relation for solution gas-drive reservoirs. Furthermore, for the case of high drawdown gas flow during the boundary-dominated flow regime, the hyperbolic rate decline relation may be verified by a semi-analytical relation, which will be described later in this paper.
We now turn our attention back to the characteristics of rate-time data in unconventional reservoirs. As mentioned earlier our focus is the continuous evaluation of Eqs. 3 and 4 using rate-time data. Continuous evaluation of Eqs. 3 and 4 requires numerical differentiation, which might be problematic if the data quality is poor. Usually the data quality is significantly affected by nonreservoir affects (e.g., well clean-up, liquid loading, etc.) and operational changes (e.g., choke changes, refracturing, etc.). Therefore, vigilant editing is warranted and redundant/erroneous data points have to be removed prior to differentiation. We use the derivative algorithm, proposed by Bourdet et al. (1989) for numerical differentiation to provide desired smoothness on the derivatives. It is also worth to mention that the "loss-ratio" and "loss-ratio derivative" can be calculated alternatively using rate and cumulative production data. Using the rate-cumulative production data to calculate loss-ratio and loss-ratio derivative provides more resolution as rate-cumulative production data is smoother than rate-time data. We provide the details on the alternative derivations in Appendix A. The alternate formulations for the loss-ratio and loss-ratio derivative are given as: Based on the loss-ratio and the derivative of the loss-ratio definitions, we compute the D-parameter and b-parameter continuously and evaluate the character exhibited by the data. A typical computation of the D-and b-parameters are shown in Fig. 1 , which is called as the "qDb" plot where the computed D-and b-parameter data trends are plotted along with rate-time data. We observe in Fig. 1 that the computed D-parameter trend exhibits power-law behavior (i.e., straight line on log-log scale) as a function of time and the computed b-parameter data trend is not constant contrary to the hyperbolic rate decline relation. We can state that "powerlaw" behavior of the loss-ratio is a general characteristic of rate-time data, and we observe this behavior in almost all the cases in unconventional reservoirs. Based on our observations of the power-law behavior of the D-parameter, we proceed and model the loss-ratio with a power-law function. Consequently, we obtain the "stretched exponential function" (Kohlrausch 1854) when Eq. 5.3 (or Eq. 5.5) is solved for the rate function. In this work we propose 3 rate-time decline relations which are based on the stretched exponential function, and can be considered as variations of the stretched exponential function. In the next section we provide details on the stretched exponential function and describe how the stretched exponential function is obtained when the D-parameter data trend is modeled as a power-law function. Valko (2009) and Ilk et al. (2008) provide new rate-time relations in the form of the "stretched exponential function" (Kohlrausch 1854 ). These relations have been proven to be successful in modeling the rate-time behavior properly and also these relations provide consistent and more realistic reserve estimates compared to Arps' decline relations.
Recent developments in well completion technology have transformed the unconventional reservoir systems into economically feasible reservoirs. However, the uncertainty associated with reserve estimates, and non-uniqueness related with well/reservoir parameter estimation is the main issues in future development of these reservoirs. The primary goal of this study is to reduce the uncertainty and non-uniqueness to a certain extent by developing robust rate-time relations along with data diagnostics, to properly characterize the flow behavior/well performance and extrapolate production of the wells in unconventional reservoirs into future.
Stretched Exponential Function in Rate-Time Decline Analysis
As mentioned earlier, continuous evaluation of the "loss-ratio" and the "loss-ratio derivative" indicates power-law behavior (recall Fig. 1) . Therefore, the D-parameter trend can be modeled by using a power-law equation which is given as: Eqns. 9 and 10 are essentially the same, and are expressed in the form of the "stretched exponential function" which was introduced by Kohlrausch (1854) to describe the discharge of a capacitor. Williams and Watts (1970) utilize the stretched exponential function to characterize the dielectric relaxation rates in polymers. Kisslinger (1993) uses the stretched exponential function as an alternative to model aftershock decay rate as opposed to power-law functions. Phillips (1996) describes the stretched exponential nature of relaxation processes in disordered electronic and molecular systems. There are many other references (particularly in physics literature) on the stretched exponential function, which are not cited in this work, but the general concept is that while empirical, stretched exponential function is successful in modeling decays -particularly, decays (or relaxations) in randomly disordered and chaotic systems.
To our knowledge, we have not come across a direct reference to the use of stretched exponential function in rate-time decline analysis. However, Arps' (1945) indirectly provides the stretched exponential function based on a definition by Jones (1942) where Jones suggests that for variable rates decline-time relationship (rate of decline) can be approximated by a straight line on log-log plot. In Arps' nomenclature this relation, which is in the form of stretched exponential function, is given as: Fig. 2 presents the functional approximation (Eq. 12) to a rate-time data acquired from a tight gas field. We have utilized single, double and four exponentials to approximate the data using linear least squares and stretched exponential function. As seen in Fig.  2 with the increased number of exponentials, the match of the data with the model improves and the stretched exponential function fit seems as the best fit to the data set.
Finally we can conclude that the stretched exponential function can be utilized to model decaying processes in heterogeneous systems such as production decline in unconventional reservoirs. In fact continuous evaluation of the rate-time data verifies that the loss-ratio (or the computed D-parameter data trend) exhibits power-law character which leads to the stretched exponential function. In this work we propose 3 primary and 5 supplementary rate-time relations to model the rate-time behavior in unconventional reservoir systems. All of the primary rate-time relations are variations of the stretched exponential function, where stretched exponential function can be considered as the dominant function, but short and long time behavior of the system can be approximated with other functional forms. The supplementary rate-time relations and their application are provided in Appendix B. 
Semi-Analytical Rate-Time Relation for Boundary-Dominated Flow Regime
In this section we describe the semi-analytical rate-time relation which was previously presented by Knowles (1999) and Ansah et al. (2000) , which can be considered as one basis for describing long time behavior in our proposed rate-time models. We also present the formulations of the D-and b-parameters based on this semi-analytical relation. Knowles (1999) presents an approach for linearizing the gas flow equation -the nonlinear term (μ g c g ) is assumed to be linear with pressure, which leads to a direct formulation for gas flowrate. The approach yields a (p/z)-squared form of the stabilized gas flow equation -and when this relation is coupled with the gas material balance equation, a semi-analytic gas flowrate equation is obtained. Ansah et al. (2000) generalize the concept (linearization of the gas flow equation) proposed by Knowles and develop several semi-analytical (i.e., direct) solutions for determining average reservoir pressure, rate, and cumulative production for gas wells produced at a constant bottomhole pressure during reservoir depletion. Although this relation was originally obtained for reservoir pressures lower than 6000 psia, we have found this relation useful for practical applications (including reservoir pressures much higher than 9000 psia -see Blasingame and Rushing (2005) .
Using a straight-line linearization scheme given by Knowles (1999) Where J g is the productivity index and defined as: Using Eqns. We present the behavior of Eqns. 13, 20 and 21 in Fig. 3 , which is the so-called "q Dd -D D -b" plot for various values of p wD . As noted earlier, these relations are only valid for boundary-dominated flow regime -and this constraint is reflected in Fig. 3 by the near-constant values of q Dd -D D -b at early times (typically of boundary-dominated flow models). We also note in Fig. 3 that each of the rate cases tend to 0 due to the quasi-exponential nature of Eq. 13 for very late times. A significant conclusion to be drawn from Fig. 3 is that the b-parameter value is more or less constant and tends to converge to 0.5 for high drawdown cases. This plot could be considered as verification for the statement that during boundary-dominated flow conditions, the b-parameter value is approximately 0.5 for high drawdown cases in gas flow (this observation is in agreement with statements made by Fetkovich (1980) and Fetkovich et al. (1987) that for gas flow cases, 0.4< b <0.6). Further, the proposed gas flow relation (i.e., Eq. 5.3) yields identical results as the numerical solutions proposed by Carter (1985) . Finally, we present Eq. 13 in dimensional form as: Our previous work (Hosseinpour-Zoonozi et al. 2006; Ilk et al. 2007 ) has presented the application of the constant-rate formulations of the β q,cr -derivative and β q,cr -integral-derivative functions for the analysis and interpretation of pressure transient and production data, respectively. For production data analysis purposes, constant-rate form of the β q,cr -derivative is obtained by differentiation of rate data with respect to material balance time (i.e., G p (t)/q(t)). As noted, β q,cr -derivative formulations in the previous work were based on constant-rate solutions. In this work we formulate the β q,cr -derivative as the "constant pressure" form of the β q,cr -derivative and henceforth, we refer to it as the β q,cp -derivative function. The only difference of the constant-pressure form of the β q,cp -derivative is the character of the boundary-dominated flow regime where β q,cp -derivative function exhibits unit slope on log-log scale as opposed to the constant value (i.e., β q,cr (t)=1) for constant-rate form of the β q,cr -derivative function.
For reference the β q,cp -derivative function (constant-pressure form) is given as: Our goal is to introduce a practical tool for production data diagnostics. The β q,cp -derivative function has significant diagnostic value as the power-law type flow regimes such as linear flow, bilinear flow, etc. appear as constants on log-log scale. For example, if the β q,cp -derivative data indicate a constant value of 0.5, then it can be interpreted that production data exhibit linear flow. In addition since the β q,cp -derivative is dimensionless, it can be utilized to differentiate the performance of the wells producing in a same field.
In Fig. 4 we present the computed β q,cp -derivative function data for the wells producing in a shale gas reservoir (Field A). We observe two different production trends in Fig. 4 -Wells A and B follow the same trend, and rest of the wells have the similar β q,cp -derivative response. We can conclude that two distinct production trends are exhibited by the wells producing in this reservoir. Most probably this difference is due to the contrast in permeability as we know that completions are more or less the same for these wells. Furthermore, we note that early time data are affected by non-reservoir effects (e.g., well clean-up, water production, etc.).
We present the computed β q,cp -derivative function data for the wells producing in another shale gas reservoir (Field B) in Fig. 5 . We note that the wells producing in Shale Gas Field B have a unique character. As noted earlier, the discrepancies at early times are attributed to non-reservoir effects. We note that the β q,cp -derivative function is computed after removing the spurious points in the rate-time data. It is observed that wells in Field A and Field B have totally different production behavior. The reason is mainly due to reservoir and completion. It is also worth mentioning that we have not observed a strong signature of power-law type of flow regimes (such as linear flow) exhibited by the computed β q,cp -derivative function data.
Similarly in Fig. 6 we observe that most of the wells follow a similar production trend in Shale Gas Field C except for a single "problematic" well (Well C) -the computed β q,cp -derivative function does not have a character for Well C. We confirmed with the operator that Well C has experienced various problems and operational changes throughout its producing life. It is observed that Well H exhibits linear flow after 100 days. Except for Well H, there is no strong signature of linear flow exhibited by these wells in this particular field.
In Fig. 7 we present the computed β q,cp -derivative function for three wells in Shale Gas Field D. The purpose of this exercise is to identify the different production characteristics of vertical and horizontal wells. In fact it is very clear from the computed β q,cp -derivative function data of these wells that vertical wells and the horizontal well (Well A) have distinct production trends. Production data from the vertical wells appear to exhibit linear flow (β q,cp (t)=0.5). Whereas, the computed β q,cp -derivative function data from the horizontal well does not exhibit any strong indication of linear or bilinear flow. We also note that none of the wells producing in these shale gas field exhibit boundary-dominated flow regime.
Finally we close this section by providing the β q,cp -derivative formulation of the stretched exponential function (Eq. 9). The β q,cp -derivative formulation is given as: (26) Eq. 5.26 indicates power-law behavior, which is indicated by a straight line on log-log scale. It can be observed that the computed β q,cp -derivative function data from most of the wells basically exhibit a straight line trend on log-log scale verifying the applicability of the stretched exponential function. 
New Rate-Time Relations
So far we have stated that the "stretched exponential function" (Eqns. 5.9 or 5.10) is applicable to properly model rate-time behavior in unconventional reservoirs. Particularly, we believe that the Eqns. 9 and 10 can represent the transient and transition flow regimes exhibited by the rate-time data. We note that for the three proposed rate-time models, analytical (closed form) integration is not available. Therefore, cumulative production functions have to be calculated by numerical integration.
Although most of the field data indicate that the stretched exponential function is sufficient enough to model rate-time behavior during entire production history, we propose the three variations of the stretched exponential function in order to account for possible short and long time deviations from stretched exponential behavior. We also provide 5 additional rate-time equations in Appendix B to supplement rate-time decline analysis.
Rate-Time Model 1 (Ilk et al. 2008 ): This model is essentially the "power-law exponential" rate decline function, which was presented previously by Ilk et al. 2008 . This model represents the transient and transition flow regimes with the stretched exponential function and the boundary-dominated flow regime with an exponential decline function. In other words, at large times or when boundary-dominated flow regime is established, exponential decline dominates the rate behavior. The rate-time model and the D-parameter, b-parameter, β q,cp -derivative function formulations are given as: 
. (30)
Rate-Time Model 2: The only difference of the proposed rate-time model 2 is that the rate-time model 2 has hyperbolic component in addition to the exponential decline at very large times. The necessity for this relation can be described by the near-hyperbolic behavior of the gas flow during boundary-dominated flow regime as described earlier in this chapter (i.e., b=0.5 for high drawdown cases during boundary-dominated flow regime for hyperbolic rate decline relation). Same with rate-time model 1, this model follows stretched exponential behavior during transient and transition flow regime, and at large times it becomes hyperbolic, eventually transitions to exponential decline at very large times. The rate-time model and the D-parameter, bparameter, β q,cp -derivative function formulations for this model are given as: 
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Rate-Time Model 3: In this model, long time behavior (i.e., boundary-dominated flow regime) is represented by the semi-analytical relation for gas flow developed by Knowles (1999) and Ansah, et al. (2000) . This model also approximates the early time behavior with a "power-law" type rate decline relation. This model might be useful for the cases where the early time rate-decline behavior is power-law such as fracture linear flow in horizontal wells with multiple fractures. The rate-time model and the Dparameter, b-parameter, β q,cp -derivative function formulations are given as: As mentioned earlier, the α and β parameters are defined theoretically, and particularly the α parameter can serve as an input in Eq. 35 provided that the drawdown ratio is known (i.e., Eq. 23).
Application of the New Rate-Time Relations to Field Examples
We present the application of the new rate-time models to field cases using production data from 6 wells. Two of the wells are hydraulically fractured vertical wells completed in tight gas reservoirs. The remaining four wells are horizontal wells with multiple transverse fractures completed in various shale gas reservoirs in North America.
Field Example 1 -Mexico Gas Well (Tight Gas Reservoir): This example includes a hydraulically fractured vertical well in a tight gas reservoir. It is worth noting that this well has a production history over than 40 years, and is the only producing well in the field. The reservoir has a permeability of < 0.001 md (see Amini et al. 2007 ) and the rate-time data of this well could help to understand long time behavior of rate-time data in low permeability reservoirs.
Prior to analysis, we perform editing of the data set and remove the erroneous data points in the data set (see Fig. 8 ). Next, the computations of D-, b-parameters, and β q,cp -derivative are carried out using the Bourdet derivative algorithm by both rate-time and rate-cumulative production data. It is observed in this case that the computed D-parameter data trend (Fig. 9) does deviate from straight-line behavior at late times. We attribute this effect to the establishment of the boundary-dominated flow regime. The computed b-parameter data trend is somewhat constant at 2, which may be attributed to linear flow. Fig. 10 presents the computed β q,cp -derivative data for this well. It is very clear that linear flow dominates the flow behavior for at least two log cycles, and at late times, data exhibit near unit-slope behavior indicative of the boundary-dominated flow regime.
The performance of the rate-time models are plotted on Fig. 8 . Rate-time model 1 effectively models rate-time data across all flow regimes. As expected at late times, stretched exponential behavior switches to an exponential decline -i.e., ( ∞ D ) term begins to dominate the decline behavior. On the other hand, rate-time model 2 is essentially the same as with model 1 except at late times we impose the model parameter, b , to be 0.5 as dictated by theoretical considerations. For this model, the flow behavior follows stretched exponential, hyperbolic, and exponential decline. And rate-time model 2 estimates slightly higher reserves than rate-time model 1. Fig. 8 also presents the application of rate-time model 3. We force the value of α parameter to be 0.05 and adjust the other model parameters to obtain the best match of the data with the model. The flow behavior follows the order of power-law, stretched exponential, hyperbolic and exponential decline behavior as imposed by the model. And rate-time model 3 yields the highest reserve estimates for this case (G p,max =20.6 BSCF). We provide summary of the results in Table 1 . In Figs. 9 and 10 we present the behavior of the rate-time models in terms of D-and b-parameters and the β q,cp -derivative function. It is worth noting that the early and late time behavior of the models is apparent in Figs. 9 and 10. Field Example 2 -Knowles A-2 Gas Well (Tight Gas Reservoir): This well is also a hydarulically fractured vertical well producing in a tight gas reservoir (Holly Branch field in Freestone County, Texas). Almost 5 years of production data are available. Visual inspection of data suggests liquid-loading effects. Prior to our analysis, we identify and then delete the data which seem to deviate from the dominant rate behavior. After editing, we compute the D-, b-parameter data trends, and the β q,cpderivative.
Figs. 11-13 present the application of the new models to this data set. The computed D-parameter data trend clearly suggests "power-law" behavior (i.e., straight line trend of the computed D-parameter data on Fig. 12 ). We also note that the computed bparameter data trend is not constant as opposed to hyperbolic rate decline relation.
Our analysis procedure is centered on the computed D-parameter versus time plot for all the rate-time models. Our primary objective is to find the straight line which best represents the computed D-parameter data trend. To this end, the slope and the intercept on the computed D-parameter versus time plot are obtained -consequently, the slope and the intercept yield the values for n and i D . If the D-parameter data indicate boundary-dominated flow regime effects (i.e., deviation from the dominant straight line trend at late times) are observed then ∞ D and b (for only rate-time model 2) are imposed. Finally we adjust the i q parameter to obtain the best match on the rate versus time plot. This analysis procedure is completely by hand (or visual) and the character of data mainly dictates the analysis. On the other hand, we note that regression can also be performed to obtain the model parameters.
For this case, when we extrapolate rate-time model 1 and rate-time model 2 to 30 years, we obtain the same cumulative gas production. This is due to the fact that the D-parameter data trend exhibits a perfect straight line trend and we choose not to impose ∞ D and b parameters for these models. We present the resulting matches in Figs. 11 and 12. It is worth to note that all of the data are matched with the models. β q,cp -derivative function match is also presented in Fig. 13 .
It is worth to mention that our analysis procedure for the rate-time model 3 is slightly different. As indicated by Eq. 35, rate-time model 3 has 5 model parameters, but prior to analysis we note that it is possible to guess the values of n and α which can reduce Eq. 35 to only 3 parameters. β q,cp -derivative plot indicates near constant behavior (β q,cp (t)≈0.25-0.3) for parts of data (approximately at 100 days) and therefore n can be chosen any value between 0.25 and 0.3. In addition, the value of α can be imposed using production and PVT data. Once n and α are set, rest of the model parameters can be obtained visually using the analysis plots (i.e., rate versus time, D-and b-parameters versus time, and β q,cp -derivative versus time plots) by calibration. The production extrapolation to 30 years (G p,max =3.64 BSCF) using this model is consistent with the value obtained by other models. We summarize our results in Table 2 below: 3.64 Field Example 3 -Shale Gas Well (Field A): Beginning with this example, we investigate the application of the new rate-time models to shale gas field cases. This case includes a horizontal well with multiple transverse fractures. Fig. 14 presents less than three years (900 days) of daily flowrate and calculated bottomhole pressure data for this well. The calculated bottomhole pressures indicate the effect of water production and it is observed that the changes in the pressure data are reflected into flowrate data. Therefore, we can conclude that the data is consistent for this case. As usual we perform editing of the data set prior to computing the diagnostic functions (i.e., D-, b-parameters, and the β q,cp -derivative).
Figs. 15-17 present the application of the rate-time models for this particular case. As expected the calculated D-parameter data trend (Fig. 16) exhibits power-law behavior on log-log scale verifying the stretched exponential decline rate behavior for this well.
No indication of boundary-dominated flow regime is observed and therefore the results for rate-time model 1 and 2 are same. It is worth to mention that β q,cp -derivative function data might suggest the value for the n parameter in all rate-time models. Rather than performing regression, it is possible that one can infer the value of the n parameter from β q,cp -derivative function data. For this case β q,cp -derivative function data (Fig. 17) indicate that the n parameter value can be chosen between 0.15 and 0.3.
The application of the rate-time model 3 is different than the first two models, as rate-time model 3 considers power-law rate function behavior for early times. This is reflected in all of the model matches in Fig. 15 . The estimation of cumulative production at 30 years using the three rate-time models is almost same and thus can be considered as consistent. The results of rate-time decline analysis are presented in Table 3 . Field Example 4 -Shale Gas Well (Field B):This field example includes almost 280 days of daily production data from a horizontal shale gas well with multiple fractures (Shale Gas Field B). Flowrate and calculated bottomhole pressure data are presented in Fig. 18 . We note significant well clean-up effects at early times and various operational changes (choke changes) throughout the producing life of this well. Variable bottomhole pressures do not favor a robust rate decline analysis -recall that the basic assumption of rate-time decline curve analysis is the constant bottomhole pressure condition. Under these circumstances, the uncertainty associated with reserves estimate for this well is considerably high and our efforts will focus on obtaining the most consistent analysis of this data using the new rate-time relations and model based analysis in conjunction.
We edit a considerable volume of the data for this case -specifically, we delete up to first 30 days of rate-time data and the last 80 days of production. We believe that these data do not reflect the general production trend of this well and can be removed in order to have better insight into the character of the data. After editing the data, the diagnostic functions are computed. As a result of the data quality, we do not observe a strong diagnostic character of the computed functions (Figs. 19-21) . In fact we can identify two distinct trends in the computed D-parameter and the β q,cp -derivative data trends. We choose to use initial straight line trend (between 40 days and 100 days) to guide us through the analysis. We note that this process is totally subjective and therefore do include human bias. The results of rate-time analysis are presented in Table 4 .
We employ the rate-time models and obtain the following matches, presented in Figs. 19-21 . The matches of the data with the models seem fair and the reserves estimate values (i.e., cumulative production at 30 years) obtained by all three relations are consistent. However, considering the data quality and the length of production, the non-uniqueness associated with the reserves estimate has to be taken into account. Field Example 5 -Shale Gas Well (Field C): This field example includes almost 320 days of daily production data from a horizontal well with multiple fractures in a shale gas reservoir (Shale Gas Field C). Flowrate and calculated bottomhole pressure data are presented in Fig. 22 . The data quality seems better when compared with the previous example. There are several spurious points, but near constant bottomhole pressure behavior is observed in general. By visual inspection we can indicate that the only issue with this data is that early days of production data follow a different behavior -this issue is most probably due to choke change in the early part of the production. We also observe well cleanup effects at very early times.
As mentioned when we compute the D-parameter, b-parameter and the β q,cp -derivative data (after editing), we observe the issues related with data reflected in the diagnostic functions (see Figs. 23-25) . We prefer to focus on the middle time data trend as we believe that early part of the data is influenced by non-reservoir effects. The data quality for this case is relatively higher; therefore we expect consistent analysis results and less uncertainty for this case.
The computed D-parameter data trend clearly exhibits a straight line indicative of stretched exponential decline behavior (see Fig,  24 ). We note for this case, rate-time model 1 and rate-time model 2 will yield the same results (Fig. 23) -b =0.5 does not affect the cumulative production value at 30 years. For rate-time model 3 we can set the n-parameter equal to be 0.3 by inspecting the β q,cp -derivative data (Fig. 25) . Also, the α-parameter can be fixed and the remaining model parameters are calibrated to obtain the best match of the data with the model. In the end we obtain very consistent values for cumulative production value at 30 years, estimated by the three models. The analysis results are summarized in Table 5 . Field Example 6 -Shale Gas Well (Field D): The final field example also includes a horizontal well with multiple fractures in a shale gas reservoir (Field D). Almost 340 days of production data are available and presented in Fig. 26 . We note that the data quality is excellent for this case and only minor editing is necessary. We observe well clean-up effects at early time, but this is not significant.
The computed diagnostic functions -D-parameter, b-parameter, and the β q,cp -derivative data show outstanding diagnostic character. Again computed D-parameter data trend exhibits straight line behavior on log-log scale. The computed b-parameter data trend indicates a straight-line tendency on a log-log scale, as well verifying that the b-parameter is not constant (as opposed to the hyperbolic relation). Perhaps this perspective of the computed b-parameter data trend is the best resolution of all computed bparameter data in this work. Figs. 27-29 present all of the diagnostic functions and the rate data, along with the model matches.
We obtain outstanding matches of the models with all data. Since the computed D-parameter data trend (Fig. 28) is a straight-line on log-log scale, our rate-time model 2 yields the same results as our rate-time model 1 (Fig. 27) . We note that it will probably take many decades for the boundary-dominated flow regime to be established. As noted earlier our procedure for applying ratetime model 3 is slightly different than the other two models. Particularly, we utilize the β q,cp -derivative data (Fig. 29) for guidance during the analysis. The very early time "power-law" flow rate behavior of this model causes a slight mismatch, however we believe that this is not important. We estimate almost identical production extrapolation at 30 years, and we summarize our results in Table 6 . 
Summary and Conclusions
Summary: In order to model the production behavior of the rate-time data in unconventional reservoirs properly, we have developed three new rate-time relations which utilize power-law, hyperbolic, stretched exponential and exponential components. The basis for these relations is data characteristics. The computed D-parameter trend indicates power-law behavior which leads to the stretched exponential function for the rate decline behavior. The stretched exponential function efficiently represents decaying processes in heterogeneous systems, and it is shown that the stretched exponential function is sufficient to model rate-time behavior in low to ultra-low permeability reservoirs.
The proposed rate-time models are centered on the stretched exponential function except that we include power-law component for approximating early-time behavior and hyperbolic and exponential components for representing late time behavior. We also utilize the β q,cp -derivative for data diagnostics. We present examples from various shale gas fields exhibiting the diagnostic value of the β q,cp -derivative, which provides more insight into production behavior. We present a variety of field examples using production data acquired from tight and shale gas reservoir systems as example applications of the proposed rate-time models.
Conclusions:
We state the following conclusions based on this work:
1. Continuous evaluation of the D-parameter (based on the definition of loss-ratio) indicates power-law behavior (i.e., straight line on log-log scale) for almost all analyzed cases in low to ultra-low permeability reservoirs. The only exception is the Mexico well with more than 40 years of production data available where the effects of boundarydominated flow regime are being established.
2. Based on our observation of power-law behavior of the computed D-parameter data trend for most of the field examples, a power-law relation is appropriate to model/represent the D-parameter data trend. The power-law behavior of the Dparameter data trend yields the stretched exponential function when the associated differential equation is solved for the rate function.
3. The stretched exponential function is rigorous and effective in modeling the behavior of production data. However, we present three models, which are variations of the stretched exponential function, to account for early-time and late-time behavior. Modeling the late-time behavior with different functional forms might reduce the uncertainty associated with production extrapolation.
4. Rate-time model 1 accounts for long-time behavior with the incorporation of the ∞ D term -at large times rate-time model 1 behaves as an exponential function. Correspondingly, the model trend for the D-parameter becomes constant when the ∞ D term is dominant. The only difference of rate-time model 2 is that rate-time model 2 includes a hyperbolic component. That is the behavior of the rate function first deviates from stretched exponential to hyperbolic at large times and eventually becomes exponential. Our Mexico gas well serves as an example for verifying the behavior of the proposed models at late times.
5. The semi-analytical rate-time relation for gas wells (Knowles 1999; Ansah et al. 2000) and its corresponding D-and bparameter formulations serve as the basis for rate-time model 3. We have shown that the hyperbolic relation can be verified using the semi-analytical rate-time relation for the boundary-dominated flow regime. Since the semi-analytical rate-time relation is theoretically defined for the boundary-dominated flow regime, we can deduce that rate-time model 3 has a theoretical basis for the boundary-dominated flow regime. In addition, the early time rate-decline behavior is approximated with the power-law component of rate-time model 3. This approximation is of particular interest because for most cases in low to ultra-low permeability reservoirs, bilinear or linear flow is likely to be observed at early times.
6. We have shown that the β q,cp -derivative has significant diagnostic value. The computed β q,cp -derivative data functions for wells producing in the same field indicates that the well completion is often the primary factor affecting well performance for wells in unconventional reservoirs.
7. The stretched exponential function is rigorous and effective in modeling the behavior of production data. In this work we present three variations of the stretched exponential function in order to account for early-time and late-time behavior.
Modeling the late-time behavior with different functional forms may help to reduce the uncertainty associated with production extrapolation and reserves estimation. 
Appendix A -Alternative Methods to Estimate the Loss-Ratio and Loss-Ratio Derivative Functions
As noted earlier, the definitions for the so-called "loss-ratio" and the "derivative of the loss-ratio" are given as: In this appendix we provide additional rate-time relations to supplement reserves estimation procedure in low to ultra-low permeability reservoirs. We also provide an example application of these additional rate-time relations. We demonstrate the application of the supplementary rate-time relations by using an example from the Holly Branch tight gas field. We analyze the rate-time data of Knowles A-1 gas well which spans over 6 years. All of the matches obtained by the models are more than satisfactory. In fact early time and large time behavior of the models distinguish the character of the models. Fig. B .1 presents the β q,cp -derivative behavior for all of the models (including the main rate-time relations). Fig. B.2 and Fig B. 3 illustrate the performance of all of the models using Knowles A-1 gas well data.
As mentioned earlier, the performance of the models is differentiated by early and late time behavior. As a side note highfrequency/high-quality data (hourly or less than hourly data) from wells should be useful in identifying which rate-time model might be more appropriate for representing early-time behavior. On the other hand, more data from wells, producing in low to ultra-low permeability reservoirs, are required for providing more insight into late-time behavior. Obviously, it would (most probably) take more than a couple of years for us to obtain the data. Therefore, using the proposed rate-time models with different long-term performance behavior should be useful in terms of decreasing (or quantifying) the uncertainty in reserves estimation (production extrapolation). We summarize the model parameters and the cumulative production values obtained by each model at 30 years in Table B.1. 
